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• Two-point boundary value problem example

′′y (x) = f (x)   on[0,1]   with   y(0) = y(1) = 0

from PDE to Matrix Eqn.

x = 0 x =1

Given)
1) the curvature values as a function
2) the values of two end points

To solve)

h = ! x

y(xi ) = ?   (i = 0,1,2,! ,n-1)



• Two-point boundary value problem example

′′y (x) = f (x)   on[0,1]   with   y(0) = y(1) = 0

from PDE to Matrix Eqn.

!!yi =
!yi+0.5 " !yi" 0.5

h
=

yi+1 " yi

h
"
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h
h

=
yi" 1 " 2yi + yi+1

h2 = fi

by FDM (Finite Difference Method)

! " yi" 1 + 2yi " yi+1 = " h2 fi

(i = 0,1,2,! ,n ! 1)

x = 0 x =1h = ! x



• Two-point boundary value problem example

′′y (x) = f (x)   on[0,1]   with   y(0) = y(1) = 0

from PDE to Matrix Eqn.

! y0 + 2y1 ! y2 = ! h2 f1

2y0 ! y0 = ! h2 f0

from ! yi! 1 + 2yi ! yi+1 = ! h2 fi

! y1 + 2y2 ! y3 = ! h2 f2

! yn! 3 + 2yn! 2 ! yn! 1 = ! h2 fn! 2

! yn! 2 + 2yn! 1 = ! h2 fn! 1
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tridiagonal matrix equation

Ax=b



• Globally coupled system
• But, only directly related to adjacent elements 

because the derivatives are estimated from the 
neighboring elements

• So, the final system becomes a sparse matrix 
equation.

• For physical problems, the matrix is symmetric 
due to the law of action and reaction.

• And, in most cases, the matrix is diagonal 
dominant and (semi) positive-definite.

Matrix Eqn. in FEM



• A matrix in which most of the elements are zero

• The above 4 by 4 matrix contains only 6 non-
zero elements, with 10 zero elements.

• When doing matrix-vector multiplication, 10 
multiplying operations has no effects on the 
result.

Sparse Matrix
2 1 0 0
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(2× x)+ (1× y)+ (0× z)+ (0×w) = 5

(0× x)+ (1× y)+ (0× z)+ (0×w) = 3

(1× x)+ (0× y)+ (2× z)+ (0×w) = 7

(0× x)+ (0× y)+ (0× z)+ (1×w) = 2



• A matrix in which most of the elements are zero

• Merits
!  Lower memory
!  Lower computations

Sparse Matrix



• Dictionary of keys (DOK)

• List of lists (LIL)[edit]

• Coordinate list (COO)

• Compressed sparse row (CSR)

Sparse Matrix Data Structures



• The CSR format stores a matrix using three one-
dimensional arrays.

! v[i]: the value of the i-th non-zero entry
   size(v) = # of non-zero entries

! r[i]: the first non-zero index (v-array index) of the i-th row
   size(r) = # of rows + 1 

! c[i]: the column index of the i-th non-zero entry
   size(c) = non-zero entries

Compressed Sparse Row
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1 0 2 0
0 0 0 1
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float v[] = { 2,1, 1, 1,2, 1 }
int r[] = { 0, 2, 3, 5, 6 }
int c[] = { 0,1, 1, 0,2, 3 }



float SparseMatrix::operator()( int i, int j ) const

{

    const int& r0 = r[i];

    const int& r1 = r[i+1];

    if( i > j ) { // searching in the lower part

        for( int k=r0; k<r1; ++k ) { if( c[k] == j ) { return v[k]; } }

    } else { // searching in the upper part

        for( int k=r1-1; k>=r0; —k ) { if ( c[k] == j ) { return v[k]; } }

    }

    return v[0]; // but, meaningless return

}

How to get (i,j) value
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